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Theory for tailoring sonic devices: Diffraction dominates over refraction
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Acoustic crystal devices, with dimensions on the order of several wavelengths, are studied by using the
finite-difference time domain method in the moderately long wavelength propagation regime.From the focus-
ing and imaging process performed by a square shaped lens, it is shown that diffractive effects dominate over
those due to refraction.The major role of the device edge diffraction is shown by means of the well known
Babinet principle. The first examples of imaging with a sonic plane lens, both with crystal structure and
massive, and with an acoustic prism able to change the propagation direction of a plane wave, are presented.
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New effects of acoustic band gaps@1–3#, sound localiza-
tion and tunneling@4# appear when the wavelength is com
parable with the lattice parameter. The moderately lo
wavelength propagation regime of periodic media~below the
first Bragg gap! is of interest, however, and has also be
recently utilized to develop appealing and potentially use
photonic@5# and acoustic@6# refractive devices. The refrac
tion effect is based on the fact that wave velocities in
composite and in the surrounding medium are different fr
each other. It is also claimed that an effective refractive
dex can be defined in the periodic medium@6#. These refrac-
tive properties concern the realm of acoustic and photo
crystal devices. The theory of photonic crystal optics is ba
on the homogenization of periodic composites@5#, which
requires structures with a very high number of scatter
~several thousands!. These are, in other words, devices wi
dimensions of several hundred wavelengths. Acoustic p
odic composites resembling homogeneous effective m
are not realistic, however, due to their required huge size
high internal losses, both for sound and ultrasound propa
tion. By contrast, the size of realistic sonic devices work
in the moderately low frequency region near the gap, suc
those recently proposed@6#, is of only a few wavelengths.In
such a case, refractive and diffractive effects are intrinsica
mixed because the incident wave strongly scatters at the
vice edges.In the neighborhood of the gap~where the dis-
persion is nonlinear!, furthermore, isofrequency curves a
anisotropically star shaped. This means that the magnitud
the wave vectork is not isotropically conserved@7# although
the refraction phenomenon relies on the conservation of
component ofk parallel to the homogenized composite-a
interface. This, in turn, implies the appearance of degene
diffractive indices, i.e., the existence of three different in
ces for the same frequency; namely, those called: ‘‘ph
index’’ to describe phenomena related to phase veloc
‘‘group index’’ to account for phenomena related to gro
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velocity, and ‘‘fan index’’ that describes phenomena relat
to beam divergence@7#, and constitutes another significant
different mechanism of diffraction within the aforemention
periodic acoustic structures. Therefore, the homogeneou
fective medium theory is not appropriate for studying t
properties of sonic crystal devices at these rather long wa
lengths, and hence an effective refractive index cannot
properly defined. On the other hand, the plane wave~PW!
method has been used to study the dispersion relations:
quency v versus the wave vectork in acoustic crystals,
where both phase and group wave velocities have been
culated from dispersion relation curves@1,2#. The PW
method, however, yields the band structure of waves pro
gating in infinite periodic systems and its results can only
indirectly compared with wave propagation measurement
a finite system. Reflectance calculations, moreover, are
inevitable to ensure the necessary sonic transparency o
vices @6#.

To solve these problems, in this paper a finite differen
time domain ~FDTD! method @8# is used to theoretically
study refractive-diffractive sonic composite devices. W
show that this allows us to analyze and design finite diffr
tive elements with dimensions of only a few wavelength
and to simulate actual experiments in the same way as
are carried out. Alternatively, it is noteworthy that the lay
multiple scattering method@9#, besides the frequency ban
structure of an infinite sonic crystal, also provides the tra
mittance and reflectance of a finite slab of the latter. O
study shows a fact not yet noticed in experiments with t
kind of devices: namely, that the images obtained are
only due to refraction mechanisms, but predominantly p
duced by multiple diffraction effects by the lens surface a
inner structure of the periodic composite. As a result,
show that in contrast to conventional optics, imaging form
tion can be not only obtained with lens-shaped and crys
like inner structures, but with cubic shapes and mass
blocks too. The dominant role of diffraction upon that
refraction in this process of image formation is illustrated
an example based on Babinet’s principle of complement
screens.
,
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GARCIA et al. PHYSICAL REVIEW E 67, 046606 ~2003!
We have previously utilized the FDTD method used he
to successfully study elastic band gap materials@3#, as well
as elastic wave localization phenomena@10#. This method is,
furthermore, easily applied to the temporal integration of a
acoustic wave propagation equation. We study the propa
tion of the sonic wave in a structure consisting of para
and infinitely long cylinders embedded in a host mater
The cylinders with radiusr are set as either a triangular or
square array with lattice constanta so that different geom-
etries are built. The sonic wave in the composite is given
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whereui is i th component of the displacement vectoru(r ),
l(r ) and m(r ) are the Lame coefficients andr(r ) is the
mass density. We assume the propagation in thex-y plane,
perpendicular to the cylinders’ axis, so the wave equation
be split into two equations@3#
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where Txx5(l12m)]ux /]x1l]uy /]y, Tyy5(l
12m)]uy /]y1l]ux /]x, and Txy5m(]ux /]y1]uy /]x).
The longitudinal and the transverse velocities are given
cl5A(l12m)/r andct5Am/r, respectively. Equations~2!
and ~3! were integrated by means of a FDTD procedu
@3,10#. In this scheme, the equations in both the space
the time domains are discretized so that they allow to ob
the actual wave pattern scattered in the composite struc
Furthermore, periodic boundary conditions were set at
boundaries parallel to wave propagation, whereas M
first-order absorbing boundary conditions@8# were estab-
lished at the boundaries perpendicular to the wave prop
tion direction. To find the reflectance we used a Gauss
pulse. The transmission coefficient was found by norma
ing the fast Fourier transform of the part of the initial pul
that passed through the structure, to the fast Fourier tr
form of the incident pulse. To obtain the distribution of th
wave intensity we used the sinusoidal incident wave wit
frequency at 1700 Hz, while the intensity was obtained
integrating the valueux

21uy
2 during the wave period. Here

we study the case of the aluminum cylinders set in air. FD
method gives a satisfactory convergence ifdt
,@A(1/dx)21(1/dy)2cl

Al#21 @3,10#. The calculations were
done with dx5dy5a/30 and dt55.8931023a/cl

Al , a
56.35 cm that gives a good convergence.

A biconvex cylindrical lens made of a triangular period
arrangement of 32 aluminum cylinders (cl56400 m/s and
ct53040 m/s) in air, illuminated by a plane wave, similar
that of experiment of Ref.@6#, has been studied. The corr
sponding intensity distribution is depicted in Fig. 1~a!. The
frequency of the incident plane wave is 1700 Hz, and
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filling ratio of this numerical experiment is (p/2A3)(d/a)2

50.37, whered is the cylinder diameter anda is the lattice
parameter. The numbers near the isophone lines of Fig.~a!
~boundaries of regions represented in gray scale! are sound
wave intensities in decibels. The isophone mapping co
pares well with that of the experiment of Ref.@6#. From the
focal acoustic region to the lowest intensity symmetrical
lands, at both sides of the focal region, there is an attenua
of 13.25 dB@Fig. 1~a!#, whereas the corresponding expe
mental value is about 15 dB~Fig. 4 in Ref.@6#!. The focal

FIG. 1. ~a! Intensity pattern of an incident sound plane wave
air, at 1700 Hz, refracted and diffracted by a lenslike periodic
rangement of aluminum rods. An extended focuslike region wh
is dominated by diffraction can be seen.~b! Intensity pattern of an
incident sound plane wave in air, at 1700 Hz, interacting with
periodic squared shape slab of aluminum rods. Notice that the e
of this finite slab is exactly the same as that of~a!. ~c! Same pattern
as in ~b! for sound diffracted by a massive aluminum slab.~d!
Reflectance spectrum of the finite sonic crystal slab. Bars show
scale in~a!, ~b!, and~c!.
6-2



en
i

-
pe
-

e

le
u

a

in

ib
th
l r
te

n
l
re
ed

on

ra
h
d
e

s
he

iz
le
h

an
ric

ve
st
re
th

he
w

n

o
e
h

in

ears

ive

ism
a

ap-

ed
ilt
n in

-

-
reas
ice

ctra

n-

ar

THEORY FOR TAILORING SONIC DEVICES: . . . PHYSICAL REVIEW E 67, 046606 ~2003!
lengthf is defined as the distance from the center of the l
to the point where the maximum intensity is concentrated
Fig. 1~a!. For a plane wave impinging from infinity, we ob
tain f 541 cm. Nevertheless, our acoustic lens has an a
ture D544 cm which is only twice the wavelength. Its im
pulse response@12# @(lp)sin(pDx/lf)#/x should, therefore,
have a widthDx52 f (l/D). At 1700 Hz (l520 cm), this
should beDx537 cm which agrees perfectly well with th
peak width of Fig. 1~a!.

In addition, we studied a sonic crystal slab with paral
faces, using the same periodic composite structure and fo
the same kind of intensity concentration as before@Fig. 1~b!#,
and even discovered an ‘‘image formation effect’’ with
square shaped aluminum block@Fig. 1~c!#. Such unnoticed
finding in recent experiments@6# can only be explained by
diffraction. The long focal length of this plane lens, shown
Fig. 1~b!, was probably unseen in Ref.@6# due to the limited
size of the anechoid chamber used. This provides a plaus
explanation for the remarkable discrepancy between
present theoretical study and the mentioned experimenta
port @6#. The FDTD method, moreover, allows us to calcula
the reflectance of this finite system, as 1-T, whereT is trans-
mittance which is directly calculated by comparing incide
and transmitted amplitudes@Fig. 1~d!#, and our theoretica
calculations fit well with experimental reflectance measu
ments @6#. As mentioned above, however, our simulat
acoustic mapping of the back slab region@Fig. 1~b!# unam-
biguously exhibits a clear focal zone that is absolutely n
existent in the corresponding experimental one@6#. There
was also a peak in the transmission pattern, due to diff
tion, at about 65 cm. In addition, the attenuation from t
higher to the lower acoustic intensity regions was 15.5
@Fig. 1~b!#, even higher than the one generated by the form
cylindrical lens with a width of about 33 cm, which i
smaller than the expected width of a cylindrical lens of t
same focal distance and width (D532 cm), i.e., Dx
580 cm. This is remarkable, since it suggests that, at s
comparable to the wavelength as used here, it is possib
focus a wave with a crystal by diffraction effects, whic
could mimic the refractive effects of a conventional lens.

In order to deeply explore this unexpected acoustic pl
lens phenomenon, we present here four imaging nume
experiments~Fig. 2!. In Fig. 2~a!, a sonic point source is
placed at the positionO, by introducing atO a time depen-
dent signal with a sharp space distribution of intensity o
four cells of the grid, and the corresponding clear acou
image is generated at location I. We now repeat this theo
ical simulation by placing the acoustic point source at
positionO, in front of the sonic plane lens@Fig. 2~b!#. Then,
a likewise clear image is formed at the point I, as in t
former biconvex lens theoretical calculations. In addition,
conducted a third experiment@Fig. 2~c!# with a rectangular
piece of aluminum. Interestingly, this latter experime
yields a result similar to those corresponding to Figs. 2~a!
and 2~b!. It is therefore obvious that the geometrical laws
refraction are not acting between object and image in th
structures, what reveals the nonrefractive nature of this p
nomenon. Finally, we excite the structure with two po
sourcesO andO8 as shown in Fig. 2~d!. Then, two mutually
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coherent waves interfere and a clear two-point image app
behind the slab. The same effect~although not shown here! is
obtained by placing two point sources in front of a mass
aluminum block, like the one of Fig. 2~c!. This proves un-
ambiguously again the existence of an imaging mechan
based exclusively on diffraction effects, and constitutes
new result that introduces a broad spectrum of potential
plications.

This diffractive influence of the device edge is illustrat
by Babinet’s principle, which relates the diffracted field bu
by complementary objects. This principle has been prove
optics following Kirchhoff’s diffraction theory@11# and also
applies to elastic waves@13#. Let two objects have comple
mentary transmission functionsq1 and q2, i.e., for uniform
illumination: q1(x,y)1q2(x,y)51. For opaque and trans
parent objects, respectively, this means that the opaque a
of the former are the transparent parts of the latter, and v
versa. Their corresponding diffracted fields angular spe
Q1(u,v) and Q2(u,v) are therefore related byQ2(u,v)
5d(u)d(v)2Q1(u,v), d(u),d(v) being thed functions,

FIG. 2. ~a! Imaging of a point source by a biconvex lens co
sisting of an array of Al cylinders.~b! Same pattern as in~a! with a
rectangular lens.~c! Same pattern as in~a! with a rectangular piece
of aluminum.~d! Image of a two-point source with the rectangul
lens of ~b!.
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and Q1(u,v) and Q2(u,v) standing for the Fourier trans
forms of q1(x,y) andq2(x,y), respectively;u andv denot-
ing the corresponding spatial frequencies. The angular in
sities uQ2(u,v)u2, uQ1(u,v)u2 of both complementary
objects are equal except at the origin. This principle is illu
trated in the near field intensity distributions~calculated from
these angular spectra and represented in Fig. 1~c!# on com-
paring these distributions, both to the right,Q1, and below,
Q2, the imaging aluminum block. Inner diffraction due to th
anisotropic starlike shape of the isofrequency curves nea
gap @7# can even play an important complementary role
the subtle imaging mechanism of thisplane lensphenom-
enon.

Direct analytical calculation of both external edgelike a
inner, periodically modulated, degenerate diffraction mec
nisms seems to be a formidable task at this point. As alre
shown, however, the FDTD method allows us to study sim
lations of such an elusive nature, and to appropriately de
future useful experiments.

The FDTD method allows us to observe direction chan
of the wave front because the amplitude changes are obs
able in the same instant when they are generated. We
show a different phenomenon where the refraction eff
dominates over diffractive ones. Accordingly, an acoustic
fractive system can be designed in which, in contrast w
the focusing process seen above, refraction now plays
main role. To unambiguously visualize a refractive effe
based on a sonic crystal, we therefore present here the
ample of an acoustic prism able to change the propaga
direction of a plane wave. The device is shaped by
equately truncating a square periodic arrangement of 42
minum cylinders in air. The lattice parameter is 6.35 cm a
the cylinder radius is 2 cm. The refraction by the prism of
incident plane acoustic wave at a frequency of 1700 Hz
clearly shown in Fig. 3. The refracted wave is also pla
with a deviation angle of about 11.5°. The averaged angl
the prism, moreover, is estimated at 53°. If we apply Sne
law twice at both sides of the prism, we calculate a refract
index valuen51.21. On the other hand, the FDTD metho
allows us to calculate the sound velocity inside the acou
composite by computing the time lapse employed by
wave front peak to propagate a given distance. Hence, f
this velocity we can alternatively calculate the correspond
value of the refractive index, which we obtain asn51.25.
The slight discrepancy between both estimated refractive
d
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dices is likely due to anisotropic inner diffraction effects
the weakly modulated structure.

In conclusion, composite acoustic devices with size
mensions of a few wavelengths are able to produce acou
images. On the other hand, we show that the lens im
formation in this size range is predominantly obtain
through a diffraction mechanism rather than by refractio
Although intrinsically mixed, however, both diffractive an
refractive properties can be exploited to control the chang
the propagation direction of acoustic plane waves, as it
been illustrated here with a sonic prism. This ability can
useful in architectural acoustics, and for the design of ult
sonic solid devices. Finally, as a extreme consequence o
action of diffraction in image formation of acoustic, elast
and optical waves, we have shown how a diffractivemassive
block certainly has lens properties. Indeed, our simulatio
indicate that diffraction plane lenses of the size of a f
wavelengths are possible. This opens a new path for fur
research.

To close, it is interesting to mention that using the sa
FTDT method we have integrated the Maxwell’s equatio
The results@14# show that for electromagnetic radiation, th
lensing also take place by diffraction when the lens is a f
wavelengths in size as could be expected. In particular,
calculations have been done for a sphere and, to stress
the diffracting effect, by a biconcave lens that refracti
should make it divergent.

This work has been supported by the DGICYT.

FIG. 3. Sound refracted, at 1700 Hz, by an acoustic prism
structure, made with a square periodic array of aluminum ro
Diffraction does not preclude that the direction of the incide
sound plane wave clearly changes by a deviation angle of a
11.5°.
L.
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